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ABSTRACT

Population structure affects the relative influence of selection and drift on the change in allele frequen-
cies. Several models have been proposed recently, using diffusion approximations to calculate fixation
probabilities, fixation times, and equilibrium properties of subdivided populations. We propose here a
simple method to construct diffusion approximations in structured populations; it relies on general
expressions for the expectation and variance in allele frequency change over one generation, in terms of
partial derivatives of a “fitness function” and probabilities of genetic identity evaluated in a neutral model.
In the limit of a very large number of demes, these probabilities can be expressed as functions of average
allele frequencies in the metapopulation, provided that coalescence occurs on two different timescales,
which is the case in the island model. We then use the method to derive expressions for the probability
of fixation of new mutations, as a function of their dominance coefficient, the rate of partial selfing, and
the rate of deme extinction. We obtain more precise approximations than those derived by recent work,
in particular (but not only) when deme sizes are small. Comparisons with simulations show that the

method gives good results as long as migration is stronger than selection.

HE geographical distribution of a population has
many consequences on its evolution. The nature of
the habitat (fragmented or continuous) and the dis-
persal patterns of individuals across space affect the
relative importance of the different processes changing
allele frequencies (selection, genetic drift. . .) and there-
fore have an effect on several genetical features of popu-
lations, such as the amount of genetic diversity and the
strength of inbreeding depression. Spatial structure may
also affect the timescale of evolution; indeed, the rate
of adaptation of a population depends critically on the
probability that new advantageous mutations will go to
fixation and on the time length of the fixation process.
Different models have been used to calculate the
probability of fixation of an advantageous mutation in
a spatially structured population, dealing with different
types of population structure, and different modes of
selection. For some simple models, MARUYAMA (1970)
found that in a population subdivided into demes of
constant size that never go extinct, spatial structure has
no influence on fixation probabilities: a new mutation
has the same probability of fixation as if the population
was not fragmented. This conclusion has been supported
by more recent work (CHERRY and WAKELEY 2003).
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SLATKIN (1981) used a low-migration limit to investigate
the joint effects of dominance and spatial structure on
fixation probabilities of advantageous mutations. In his
model, the fixation of an allele within a deme occurs much
faster than its transmission between demes, so that fixation
is assumed to take place independently in each deme
(see also TAkaHATA 1991). He showed that the probabil-
ity of fixation of recessive mutations is increased in this
low-migration limit, compared to the case of a panmictic
population; indeed, population structure increases the
probability that an advantageous homozygous genotype
is created before the mutation is lost. However, the
probability of fixation of dominant mutations is de-
creased. BARTON (1993) worked on another model to
study the effect of catastrophic extinctions of demes
and showed that extinctions can substantially reduce the
fixation probability of beneficial alleles. More recently,
several authors used diffusion approximations to derive
fixation probabilities and fixation times in metapopul-
ations. CHERRY (2003a,b), CHERRY and WAKELEY (2003),
and WAKELEY (2003) have shown that diffusion meth-
ods can be used in island models of population structure
and studied the joint effects of dominance, population
structure, and local extinctions on fixation probabilities
and times of mutant alleles. WHITLOCK (2003) has pre-
sented another approach, which he also applies to the
stepping-stone model of population structure.

In this article we provide a different method to con-
struct diffusion approximations, which is in several ways
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more general than previous ones. The method consists
of expressing the mean of allele frequency change over
one generation in terms of partial derivatives of a “fit-
ness function” and probabilities of genetic identity com-
puted in a neutral model. We make no assumption on
the particular form of the fitness function; indeed, the
method can be applied to many different selection mod-
els (including multilevel selection). We then take the
example, considered by previous authors, of selection
through effects on fecundity (different genotypes pro-
ducing different numbers of gametes) and consider the
effects of dominance, self-fertilization, and local extinc-
tions on the probability of fixation of new mutations. We
confirm some previous approximations; however, our
method gives more precise results when migration is
strong, when deme size is small, and also when extinc-
tions occur. As discussed later, the diffusion method
gives satisfying results as long as migration rates are not
too small; with dominance, Slatkin’s method performs
better when migration is very low.

LIFE CYCLE

Throughout this article, we use an island model of
population structure, with possible local extinctions. We
assume that the population is subdivided into » demes.
At the beginning of the life cycle, each deme contains
N adult individuals and has a probability ¢ of becoming
extinct. In the surviving demes, individuals produce a
very large number of gametes and die; in practice we
treat the number of gametes produced as if it were
infinite. Gamete fusion may precede or follow migration
(zygotic or gametic migration); we first do not make
any assumption about the breeding system, but later we
consider the cases of random union of gametes and of
partial self-fertilization at a rate a. Migrants produced
by a deme can reach any other deme with the same
probability. The migration rate m is defined as the pro-
portion of migrant zygotes (or gametes) present in any
surviving deme once migration has occurred (“back-
ward” migration rate). We assume that migrants arriving
in extinct demes do not survive, each extinct deme being
recolonized later by a finite number k of individuals
(SLATKIN 1977). These recolonizers come from “propa-
gules” that formed in each surviving deme after the first
round of dispersal. Again, recolonization can be zygotic
(if it occurs after fertilization) or gametic (if it occurs
before; in this case each extinct deme is recolonized by
2k gametes). We also define a parameter ¢ measuring
the probability that two colonizers come from the same
deme (this is specified later). We assume that colonizers
reproduce immediately, producing a very large number
of zygotes. Finally, in all demes N individuals are sam-
pled randomly among all the zygotes to form the new
adult generation; exactly N adults are always in each
deme, recolonized or not. Thus, recolonizers experi-
ence two rounds of migration and reproduction within

one “generation.” This way of representing the dynam-
ics of recolonization is obviously simplistic, but may be
seen as a first step in understanding the consequences
of extinction and recolonization (SLATKIN 1977; WADE
and McCAuLEy 1988; WHiTLOCK and BarRTON 1997,
PANNELL and CHARLESWORTH 1999); more complex
models may be tractable within the framework presented
here (Rousset 2004, Chaps. 10 and 11).

THE DIFFUSION APPROXIMATION

Diffusion theory has provided good approximations
for probabilities of fixation of mutant alleles (Kimura
1964). In this section we briefly review the methodology
in the case of a panmictic population containing two
alleles @ and A. We call p the frequency of A and 8p the
change in frequency of A over a short time interval &
We first suppose that time and frequency are continuous
and define

My, = E[3p|p] (1)
Vs, = EL3p)*|pl, (2)

where L[] is the expectation of x. To use the diffusion
method we need the following limits:

My = lim (Myy/30) (3)
Vs, = lim (Vay/30). (4)

If these limits are finite, and if the higher-order mo-
ments of dp are negligible, the probability of fixation
of A when present in frequency p, u(p), is given by the
differential equation

du , Vo du _

op dTb > 4 (5)
(KArLIN and TAyLoORr 1981) with solution
Kamw
u(p) =5 (6)
jamw
where
_ _QMM]
G(x) exp{ [OVBx dx|. (7

To apply this continuous model to the case of a popu-
lation with discrete generations, one states that time is
measured in units of N generations, where N is the
population size, and that the short time interval 8¢ corre-
sponds to one generation. Then 8¢ = 1/N, and Jl/Lsﬁ and
Vs, are the limits as N tends to infinity of N X M;, and
N X V;, respectively (KARLIN and TAYLOR 1981).

In the simple case of genic selection where A has a
selective advantage s over @ in an ideal haploid Wright-
Fisher population of size N, we have

Ms, = spq + o(s) (8)
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oy = Bl o1/ + o(9), (9)
with ¢ =1 — p (EwENS 1979; KARLIN and TAYLOR 1981).
For M5, and T, to be finite, we need to assume that s
tends to zero as N tends to infinity and that the product
Ns has a finite limit, say . Then Equations 6 and 7 are
valid, with Jl5, = opgand V5, = pg. These expressions of
Mz, and Vs, lead to the classical result (e.g., EwENs 1979)

1 — exp[—2Nsp]
1 — exp[—2Ns] ’

u(p) = (10)

where N is assumed to be large and s small. Despite
all the approximations done, this formula proves very
accurate for values of s as high as 0.1, even when N is
as small as 10 (e.g., CARR and NassaR 1970; GALE 1990).

In the following, we consider an island model of popu-
lation structure and look for an expression for the prob-
ability of fixation of a mutant allele A in a population
initially fixed for allele a; p is now the frequency of A
in the whole population, while the vector p = (p,, . . .,
p.) gives the frequencies of A in different demes. We
suppose that the number of demes (n) is large and
define s, and V5, as the limits as n tends to infinity of
the products n X M, and n X Vs, where Ms, and V3,
are still the first two moments of the change of A over
one generation. Using a simple argument, we show that
these limits can be expressed as functions of the average
frequency of Ain the population (p). A rigorous demon-
stration that the process does converge to a diffusion
(including the proof that higher-order moments vanish
in the limit as n tends to infinity) would follow the
general argument of ETHIER and NAGyLAKI (1980) for
Markov chains with two timescales. WAKELEY (2003)
explains how their equations apply to island models of
structured populations. We do not repeat such argu-
ments here, but we offer an alternative presentation of
the same general idea.

EXPECTED CHANGE IN ALLELE FREQUENCY

We use the direct fitness method (TAYLOR and FRANK
1996; RousseT and BiLLIARD 2000) to express Ms, as a
function of probabilities of identity and partial deriva-
tives of a fitness function. The parameters and variables
of the model are summarized in Tables 1 and 2. In all
the following, the subscript ¢ refers to the jth adult
individual of the ith deme. The fitness W of this individ-
ual is defined as the expected number of its gametes
that will participate to the next adult generation. Fitness
may depend on the phenotype of the individual, on the
mean phenotype of the individuals present in its deme,
and on the mean phenotype in the whole population.
We call z,, the phenotype of homozygous aa individuals
and assume that the phenotype of AA individuals differs
from z, by an amount s: zy, = z, + s. We write the

phenotype of heterozygous individuals z,, = z, + sh, h
measuring the dominance of A. Defining p; as the fre-
quency of A in individual 7 (p; = 0, %, or 1), p;; and
by as the frequencies of A at each of'its two homologous
genes, and z; as its phenotype, we have the relation

- 2h)l’z’f1ﬁi/2]~ (11)

The expected change in frequency of A over one
generation is

Zi/' = Zu + S[thl] + (1

1
M; — - 12
by = QnNIEUEl (12)

To the first order in s, this is

—_ = 4_[ +
]\43[7 QHNIEI ]21 d jbq 0( S‘)
E E(%% W, dz | OW; dz)pl] T o). (13)
QnN, 1 =1\ 0z ds dz; ds dz d.

as W, depends on z;

ii» %, and z. Equations 11 and 13 give

% [thlj + (- Qh)piﬂplﬂ}
N ;%{W + (1 - 2h>1wm]
N ;%{Qhﬁ + - 2%1);1?@47} +ools), (14)

where the overbar means the average among demes and
individuals over the whole population.

A5, has been defined as the limit of the product n X
M, as n goes to infinity. For this limit to be finite, we
have to assume in principle that s is of order 1/n, so
that the product ns has a finite limit as » tends to infinity
(for the same reason, s had to be of order 1/N in the
panmictic case—see previous section). Therefore our
method supposes a high number of demes (n high)
and weak selection (s small), although simulations will
show that these are not major constraints. As s is of
order 1/n, the terms in o(s) of M, vanish when we take
the limit of n X Ms, as n goes to infinity.

The different averages in Equation 14 can be seen as
probabilities of identity: for example, p? is the probabil-
ity of obtaining two A alleles after sampling two genes
with replacement from the same deme. In the diffusion
limit (n tends to infinity, s tends to zero, ns finite), these
probabilities converge to values that depend only on p,
the overall frequency of A. Again, we take the example
of #7, the probability that two genes sampled with re-
placement from the same deme are both A. Consider
the two ancestral lineages of these genes backward in
time: either these lineages stay and coalesce in the same
deme or one of them (or both) migrates to another
deme before coalescence occurs; in the first case, the
expected coalescence time does not depend on the
number of demes n, while in the latter case, coalescence
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TABLE 1

Parameters of the model

No. of demes in the population

No. of adults per deme

Migration rate

Extinction rate

No. of colonizers (per extinct deme)

e > 3 >3

Probability that two genes sampled randomly among the 2k gametes recolonizing an extinct deme
were in the same deme before migration

Yy, Py Probability that three genes sampled randomly among the 2k gametes recolonizing an extinct deme
were in the same deme (J5;) or in two different demes ({5;) before migration

h Dominance coefficient of allele A over a

s Phenotypic difference between aa and AA homozygotes

Zaa Phenotype of aa homozygotes

time becomes infinitely long as n tends to infinity. This
has been described as a separation of timescales (e.g.,
WaKEeLEY 2003 and references therein), because lin-
eages in different demes coalesce at a rate inversely
related to n, while genes within demes can coalesce
within a few generations, at a rate depending on deme
size and migration (roughly, on m + 1/Nin the island
model), but essentially independent of n. Therefore in
the limit as n tends to infinity, at time ¢ independent
of n in the past we can consider that the two lineages
have either stayed in the same deme and coalesced (with
a probability that we call 7}) or have migrated to differ-
ent demes and have not coalesced (with probability 1 —
r}). Thus the probability that our two genes are A is
equal to rip, + (1 — %) p?, where p, is frequency of A
in the whole population at time ¢ However, in the limit
as n tends to infinity and s tends to zero, the frequency
of A in the population does not change over the finite
number ¢ of generations, thus p, = p, the present fre-
quency of A. Therefore

pi=rfp+ (1 —rHp* + 0(1/n)
= p* + ripg + O(1/n). (15)

This expression, as well as all further expressions involv-
ing O(1/n) terms, is an average over all parental popula-
tions with the same value of p. These parental popula-
tions may differ in the frequency of demes with different
copies of the A allele, so that for each possible parental
population p? may depart from the above average. But
the magnitude of these differences vanishes as the num-
ber of demes increases, which allows us to use diffusion
equations (see WAKELEY 2003, Equation 33, and also
ETnier and NAGYLAKI 1980, Equation 1.5). In the infi-
nite island model, one recovers the classical expression
pi = p* + r¥pg for inbreeding coefficients (e.g., CROW
and Kimura 1970). Here r} is equivalent to Wright’s
Fsr (Hubpson 1998; RousseT 2002).

_ The same reasoning is used to calculate the limit of
P}, which is the probability that two genes sampled with
replacement in the same individual are both A:

pi = p*+ ripg + O(1/n). (16)

Here r{ is the probability of coalescence for two genes
sampled with replacement from the same individual, in
a population with an infinite number of demes.

Denote 7P the probability of coalescence of two genes
sampled from the same deme without replacement, and
rp the probability of coalescence of the homologous
genes of an individual (still in the limit as » tends to
infinity). We have the relations

. . (1 - l)r'e (17)
2N 2N N
and
1 1
r}}=§+§1’5’. (18)

rp can be shown to be equivalent to Wright’s Fr in the
infinite island model. As p;1p; is the probability that the
two homologous genes of an individual are both A, we
have

Paby = p* + r0pg + O(1/n). (19)
Last, we need the limit as n tends to infinity of
piapiapi» which measures the probability that the two
homologous genes of an individual and a third gene
sampled from the same deme are all A. We call a* the
limit as 7 tends to infinity of the probability that the
three lineages coalesce before one of them moves to
another deme, 6* the limit of the probability that only
two of them stay in the same deme and coalesce, and
® =1 — a® — b® the limit of the probability that two
lineages move to different demes before any coales-
cence event has occurred. We have

= pt+ dpg + (1 = Mprq+ 01/n).  (20)

a*p + B*p* + *p* + 0(1/n)

Denote a°, b°, and ¢” the same probabilities when the
third gene is sampled in a different individual. We have
the relations
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TABLE 2
Variables of the model

Zip Ziy % Phenotype of individual j in deme 7, mean phenotype in deme i, and mean phenotype in the population
Dits Pije Frequency of A at each of the homologous chromosomes of individual j in deme i
bip D P Frequency of A in individual j in deme i, frequency of A deme i, and frequency of A in the population
A Fitness of individual j in deme ¢
re, o Probability that the ancestral lineages of two genes sampled with (R) or without (D) replacement from the same
adult individual coalesce before one of them moves to a different deme, in the limit n goes to infinity
& P Same probability for two genes sampled with (R) or without (D) replacement from the same deme
at, a® Probability that the ancestral lineages of the two homologous genes of an individual, plus a third gene sampled
with (R) or without (D) replacement from the same deme, all coalesce before one of them moves to a different
deme, in the limit as n goes to infinity
O}, P Probability that only two of the three lineages coalesce before one moves to a different deme, in the same case
&, P Probability that two lineages move to different demes before any coalescence has occurred, in the same case
&= lr? + (1 _ l)aD @1) frequenFies): By definition, N, is the variance effective
N N/ population size (EwENs 1982).
When ¢ = 0 (no extinction), covariances in the
and change in allele frequencies in different demes equal
1 zero (because sampling occurs independently in each
= (1 - N)CD- (22) deme). Equations A1-A5 of APPENDIX A lead to

Because adult population size remains constant after
regulation, the partial derivatives of the fitness function
sum to zero (RousseT and BirLLiArRD 2000); therefore
we can express Mg, as a function of the two first partial
derivatives only. After replacing the average products
of allele frequencies by the expressions calculated
above, we obtain

s oW,

M, = ETZ' [A(1 + r§) + (1 =2R)[r) + (1 — D) pllpq
ij
Saw R R R D
+ § o [2hr}Y + (1 — 2h)[a® + (1 — * — r)pllpg + o(1/n).

(23)

VARIANCE IN ALLELE FREQUENCY CHANGE

To use the diffusion method, we also need the limit
as n tends to infinity of n X V;,, where V5, = E [(3p)*|p]
and dp is the change in frequency of A over one genera-
tion. We have

Vs, = Var'[p'] + o(1/n), (24)

where p = p+ §pand Var’ is the variance in the neutral
case (s = 0). We look for an expression for Var’[p'] to
the first order in 1/n. We have

Varlp) = SSVarlp] + 5 3 SCov'lpl pll. (25)
=1

i=1j#i

We show in APPENDIX A that these variance and covari-
ance terms can be expressed, to first order in 1/n, as
functions of the frequency of A in the whole population
(p) and an effective population size N. depending on
the various parameters of the model (but not on allele

_20 =) = (A =D
2nN

Vey pq + o(1/n), (26)

which is of the form pg/2N,, with

_ nN
21 =) = A =)’

e (27)
a result known under the form nN/ (1 — Fy) (1 + Fg),
where Fsr = P and Fs = (v} — D) /(1 — D) (see WANG
and CABALLERO 1999 for a more general result). In the
case of gametic migration, monoecious individuals, and
random fertilization, we have rj = 7P, giving

]Ve_

= — 3
1 ry

(28)

Extinctions add an additional complication because
they introduce correlations in the change in allele fre-
quency in different demes (because the frequency of A
in the migrant pool depends on which demes did sur-
vive). We show in APPENDIX A that when ¢ > 0, the
variance effective population size is

_ n(l — e
2rf[1 — (1 = 9* (1 — m)?]

. (29)
This is also the eigenvalue effective size (EwENs 1979,

1982), derived by several independent arguments in
RousseT (2003).

PROBABILITIES OF COALESCENCE

The expressions for Ms, and Vs, derived in the previ-
ous sections involve variables representing various prob-
abilities of coalescence in a neutral model, evaluated in
the limit as n tends to infinity. These variables can be



2158 D. Roze and F. Rousset

calculated by writing recurrence equations (which will
depend on the life cycle considered) and calculating
values at equilibrium. These recurrence equations are
given in APPENDIX B for three different cases: (i) mono-
ecious individuals with random fertilization, gametic
migration, and no extinction; (ii) monoecious individu-
als with rate o of self-fertilization, zygotic migration, and
no extinction; and (iii) monoecious individuals with
random fertilization, gametic migration, extinction rate
¢, and gametic recolonization. Here we give only approx-
imate solutions assuming that migration rate is small
and deme size large, so that N= O(1/m), and neglecting
terms in O(m).

Case i: random fertilization, no extinction: Approxi-
mating Equations B5-B9 for small m and large N, one
obtains (with M = Nm)

D — D ~ 1
ro =7y 1+ 4M’ (SO)
(@, 1%, D) g( 1 ’ 6M ’ 8 M2 )
(1 + 4M)(1 + 2M)" (1 + 4M)(1 + 2M) " (1 + 4M) (1 + 2M)
(31)

These approximations are also valid for zygotic migra-
tion and dioecious individuals (not shown). Although,
as found by WarTLock (2002), these approximate ex-
pressions satisfy the relation ¢® = 2(+7)?/(1 + 7P), this
is no longer the case when the exact expressions (given
in APPENDIX B) are used.

Case ii: partial self-fertilization, no extinction: Here we
assume that self-fertilization occurs at a rate a and that
fertilization precedes migration. Random fertilization cor-
responds to a = 1/N. We obtain the approximations

= +12J(FQQTAZ)M’ ey 2(21— om 32
D 1 +aM
[1+ 22— a)M][1l + (2 - a)M]’
o ~ 2M[3 — o*M + 2a(M — 1)]
[1+22—a)M][1+ (2—a)M]’
4(1 — a)(2 — o) M? (33)

T 22— oM+ @ —aoM

Case iii: random fertilization, extinctions: We assume
here that both migration and recolonization are ga-
metic. In the LIFE CYCLE section, we introduced the
parameters k (number of colonizers) and ¢ (probability
of common origin). More precisely, ¢ measures the
probability that two genes sampled randomly among
the 2k gametes colonizing an extinct deme were in the
same deme before migration. We also need the parame-
ters Y; and sy, defined as the probabilities that three
genes sampled randomly among the 2k colonizers were
in the same deme before migration ({;) or in two differ-
ent demes ({y). Following SLATKIN (1977), we distin-
guish two modes of recolonization: the “migrant pool,”
where the 2k gametes recolonizing a deme are taken

randomly in the whole population after migration (in
this case ¢ = s, = Py = 0), and the “propagule pool,”
where the 2k gametes were all in the same deme after
migration [in this case ¢ = (1 — m)% ¥, = (1 — m)?,
and y, = 3m(1 — m)?]. When the extinction rate e is
O(m) we obtain

o 1+ eN/k
Y1+ 4AM 2N [1 - o(1 — 1/2k)]

(34)

This approximation follows from the recursion (B20)
in APPENDIX B and was also obtained by WHITLOCK and
McCauLEy (1990). We could not obtain any simple
approximation for «®, 8°, and (".

EXAMPLES OF FITNESS FUNCTIONS

We consider two cases of individual selection: “soft”
and “hard” selection. The first case corresponds to a
regulation of the number of gametes (or zygotes) pro-
duced by the different surviving demes just before mi-
gration, while in the second case there is no such regula-
tion. However, in both cases there is a phase of population
regulation, as N adults are sampled in each deme at
the end of every generation. This definition of hard
selection is the same as in BARTON (1993), but different
from in WHITLOCK (2002), which explains some discrep-
ancies between our results and results in WHITLOCK
(2003). In Whitlock’s hard selection model, each deme
contributes to the next adult generation in proportion
to the number of juveniles produced in the deme before
migration; although this definition sounds simple, we
do not know any realistic life cycle maintaining a con-
stant population size in this case.

In both cases, we fix z, to zero and assume that an
individual of phenotype z; produces a number of ga-
metes proportional to 1 + z; the numbers of gametes
produced by Aa and AA individuals, relative to aa indi-
viduals, are then 1 + sk and 1 + s, respectively.

We note at this point that we need only the limit as
n tends to infinity of the fitness function, as terms of
order 1/7 and higher will vanish when we will calculate
Ms—see Equation 23.

Softselection: In this case, we assume that the number
of gametes produced in each deme is regulated before
migration to a constant value that is the same for all
demes; we suppose that this value is still very large.
Recall that the fitness of individual ¢ is the expected
number of its gametes that will participate to the next
adult generation. We obtain

1+ z;
N1 + z)

1+ z;
m
N1 + z)

W; = 2N(1 — )| (1 — m)

e 1+ z;
T - e%N(l T2 + O(1/n). (3b)

Individual ¢ can participate to the next generation only
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if its deme survives (probability 1 — e). The first term
in the parentheses is the frequency of gametes produced
by individual # present in deme i after migration; the
second term is the frequency of gametes produced by
i in any other nonextinct deme, after migration, times
the number of other nonextinct demes; and the third
term is the frequency of gametes produced by ¢ in the
pool of recolonizers, times the number of extinct demes.
Simplifying Equation 35 leads to
W, = o= 54 o1/, (36)
1+ z
giving dW;/dz; = 2, 0W,/0z = —2 (derivatives have to
be evaluated for s = 0, which means here z;, z, z = 0).
Hard selection: Here we assume that the number of
gametes or juveniles produced in a deme before migration
is not regulated: a deme fixed for A produces 1 + s times
the number of gametes (or juveniles) produced in a deme
fixed for a. Here the fitness function is given by

(1 =m) + 2z

W,; = 2N — ¢
N[ —m)(1 + z;) + m(1 + 2z)]
m 1+ z L _° 1+ z;
N[1 +2z] 1 —eN[1 + Z]
+ O(1/n). (37)

Again, the first term in the parentheses represents the
proportion of gametes produced by individual i present
in deme ¢after migration (provided that deme i did not
go extinct); the second term is the average proportion
of gametes produced by i in the other nonextinct demes,
after migration, times the number of other nonextinct
demes; and the third term is the proportion of gametes
produced by 7 in the pool of recolonizers, times the
number of extinct demes (we assume that surviving
demes contribute to the pool of colonizers in propor-
tion of the total number of gametes present in the
deme). Equation 37 leads to

(1 =m(d + z)

W; =21 — ¢
1+ (1 — mz + mz

+(m+ e )1"‘%}
1—4¢1+2z

+ 0(1/n), (38)
giving dW;/9z; = 2, IW,/0z = —2(1 — ¢) (1 — m)*.

RESULTS

Additivity: In the additive case (& = %) and when no
extinction occurs (¢ = 0), simple results are obtained.
Under hard selection and gametic migration one arrives
at

G(x) = exp[—2nNsx], (39)
while under soft selection and gametic migration,
G(x) = exp[—2n(N — 1)sx]. (40)

The N — 1 factor is consistent with the fact that soft

selection means no selection when N = 1. In the case
of zygotic migration, N has to be replaced by N (2N)/
(2N — 1) in Equation 39, while N — 1 has to be replaced
by N (2N — 2) /(2N — 1) in Equation 40. These differ-
ences are significant only for small values of N.

Therefore, in the additive case with no extinction,
probabilities of fixation depend neither on population
structure nor on inbreeding, as found by MARUYAMA
(1970), except for effects of order 1/N that have been
ignored in previous analyses. Previous simulation stud-
ies have also missed them, often because large values
of N were assumed. When extinctions occur (e > 0),
the expression of G is more complex and depends on
population structure. For example, under soft selection
and haploid migration, we find

21 =) = A =)
PPN = (1= 9*(1 — m)?])
(41)

G(x) = expj—n(N — 1)(1 — o)s

Effects of dominance: When %~ # %, the function G
is a complicated function of the parameters. Here we
present some results relative to case i (monoecious indi-
viduals with random fertilization, gametic migration,
and no extinction). If we assume that m is small and N
large, so that we can use approximations 30 and 31, we
obtain

1 + 2Nmx + 4Nmh(1 — x)
1+ 2Nm

G(x) = exp]—2nNsx

(42)

which has to be integrated numerically to obtain u(p),
the probability of fixation of A. For advantageous muta-
tions (s > 0), a crude approximation can be obtained
by neglecting terms in &* in the expression of G, giving

u ~ g
2nN]

We found that this approximation often gives a good
idea of the probability of fixation of a rare advantageous
allele, except when both the migration rate is large and
his close to zero.

Figure 1 shows the probability of fixation of a rare ad-
vantageous allele as a function of its dominance coeffi-
cient, for different values of the migration rate. Here we
used the exact expressions of the probabilities of iden-
tity for case i (given in APPENDIX B); however, Equation
43 gives very close results (not shown). We used the soft
selection model, but under hard selection the results
are qualitatively and quantitatively very similar for large
N. Figure 1 illustrates the fact that population structure
increases the probability of fixation of recessive advanta-
geous mutants, while it decreases the probability of fixa-
tion of dominant advantageous mutants. It also shows
that the diffusion approximation gives poor results for
small values of m; in the last case SLATKIN’s (1981) low-

1 + 4Nmh
1+ 9Nm~

(43)
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F1GURE 1.—Probability of fixation of an advantageous muta-
tion (s = 0.01) when present as a single copy, as a function of
its dominance coefficient (). Migration is gametic, individuals
are monoecious with random fertilization, and no extinction
occurs (¢ = 0). Number of demes, n = 200; deme size, N =
100. Results from the diffusion model are: dotted line, migra-
tion rate m = 0.1; dotted/dashed line, m = 0.01; dashed line,
m = 0.001. Simulation results are: solid circles, m = 0.1; open
circles, m = 0.01; squares, m = 0.001. The solid line corre-
sponds to SLATKIN’s (1981) low migration limit.

migration approximation performs better (this is dis-
cussed later).

Effects of selfing: In case ii (monoecious individuals
with rate a of selffertilization, zygotic migration, and
no extinction), approximations (32) and (33) lead to

Gw) = exp{—?nNﬁx{Qh -t 71 ‘i)f(\gm[“ ;V(I - O‘)x]ﬂ,
- m

(44)

which has to be integrated numerically. Neglecting the
terms in x%, we obtain a crude approximation for advan-
tageous mutations:

u( 1 )x 1+ (2 - o)la+ 2k(1 = «)]Nm
2nN) '

1+ (2—a)Nm

Figure 2 shows the effect of partial self-fertilization
on the probability of fixation of a recessive advantageous
mutation (A = 0). Again, we used the exact expressions
of the probabilities of identity and integrated numeri-
cally the G function, but Equation 45 gives very close
results. We still observe a discrepancy between analytical
and simulation results at small values of m.

Effects of the extinction rate: Figure 3 shows some
results concerning case iii (monoecious individuals with
random fertilization, gametic migration, extinction rate
¢, and gametic recolonization), taking the example of
an advantageous underdominant mutant. Underdomi-
nance corresponds to the case where heterozygotes are
disadvantaged (% < 0); it can result from chromosomal
rearrangements (LANDE 1985) and possibly from muta-
tions affecting transcriptional regulation during the de-
velopment (GissoN 1996). In a large panmictic popula-
tion, such mutations have a very low probability of fixation

(45)
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FIGURE 2.—Probability of fixation of a recessive advanta-
geous mutation (s = 0.01, 2 = 0), as a function of the rate
of self-fertilization (). Individuals are monoecious and migra-
tion is zygotic. Number of demes, n = 200; deme size, N =
100; no extinction occurs (e = 0). Results from the diffusion
model are: dotted line, migration rate m = 0.01; solid line,
migration rate m = 0.05. Simulation results are: open circles,
m = 0.01; solid circles, m = 0.05.

(e.g., KiMmURA 1962). Using a low-migration limit, LANDE
(1985) showed that local extinctions can increase the
probability of fixation of underdominant mutations, in
an island model of population structure. This effect has
also been observed by simulation in a two-dimensional
stepping-stone model (MicHALAKIS and OLIVIERT 1993).

Figure 3 represents the probability of fixation of an
underdominant mutation, relative to a neutral muta-
tion, as a function of the extinction rate ¢, and for
different values of k, the number of colonizers. Figure
3A corresponds to the migrant pool model of coloniza-
tion, while Figure 3B corresponds to the propagule pool
model. We used the soft selection model, but again
results are very similar with hard selection (not shown).
The effect of the rate of extinction on the fixation proba-
bility of the mutant is nonmonotonic. This may result
from two opposite forces: extinctions increase the prob-
ability that an advantageous AA genotype will appear
before allele A is lost, in particular when the number
of colonizers is small, but also decrease the chance of
fixation of A once AA genotypes have been created (by
increasing random drift, extinctions reduce the proba-
bility of fixation of advantageous alleles).

DISCUSSION

Figures 1 and 2 show that the analytical model gives
good predictions when the migration rate is not too
small, while for small values of m predictions are not as
good (except when 2 = % and ¢ = 0, since in that
case we obtain an expression independent on m for the
probability of fixation). This comes from the fact that
we calculated the probabilities of coalescence before
migration (7, 7, a, b, ¢) in the neutral case (s = 0); as
sincreases, these probabilities become more and more
different from the neutral values, and this difference
depends on the migration rate. As previously noted,
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FIGURE 3.—Probability of fixation of an underdominant
advantageous mutation (s = 0.02, ~ = —0.1) relative to a
neutral mutation, as a function of the extinction rate (e).
Individuals are monoecious with random fertilization, and
migration and recolonization are gametic; number of demes,
n = 200; deme size, N = 100; migration rate, m = 0.1. A
corresponds to the “migrant pool” model and B to the “propa-
gule pool” model. Results from the diffusion model are: solid
line, number of colonizers k = 2; dashed line, &k = 10; dotted
line, k£ = 100. Simulation results are: solid circles, k = 2; open
circles, k = 10; squares, k = 100.

what matters in the argument based on a separation of
timescales is that changes in allele frequencies within
demes, due to drift and migration, are fast relative to
selection (see also WAKELEY 2003), hence that sis small
relative to m + 1/N. In practice, the validity of the
diffusion approximation depends on weak selection
(small s) and not-too-small migration (roughly, m > s).
This can also be expressed in terms of our coalescent
argument: for relatively high values of m, two lineages
from the same deme either separate to different demes
(in the past) or coalesce rapidly within the deme, and
during this short time selection does not have much
effect. For small values of the migration rate, however,
the mean within-deme coalescence time becomes longer,
and the effect of selection during that time cannot be
neglected any more.

Although the validity of the diffusion approximation
depends on a large number of demes (large n) and
weak selection (small s), these two conditions are in
fact not very restrictive: Table 3 shows that our solution

TABLE 3
Accuracy of the diffusion results

s=02 s=0.1 s = 0.05 s = 0.01
n=>5 0.020953 0.013665 0.009097 0.003737
0.018484 0.012514 0.008583 0.003642
n =10 0.016542 0.010498 0.006839 0.002721
0.014920 0.009834 0.006472 0.002705
n = 20 0.013498 0.008288 0.005254 0.002003
0.012631 0.007933 0.005151 0.001974
n = 50 0.010930 0.006383 0.003870 0.001369
0.010594 0.006179 0.003783 0.001343

Probability of fixation of allele A when present as a single
copy, for different values of nand s. Here ¢ = 0 (no extinction),
N = 100, » = 0, and m = 0.1; individuals are monoecious,
fertilization is random and migration is gametic. The value at
the top of each cell is the diffusion result, and the value
at the bottom has been obtained by simulation (5 million
replicates for each set of parameters).

gives accurate results for values of n as low as 10 and
values of s as high as 0.1. When the exact expressions
of the probabilities of identity are used, no other as-
sumption needs to be made; for example, deme size
(NN) and rate of extinction (¢) can be arbitrarily large
or small. This is a difference between the approach used
in CHERRY and WAKELEY (2003), CHERRY (20032a), and
WHaHITLOCK (2003) and our approach. Indeed, these au-
thors calculate various quantities that are similar to the
probabilities of identity in Equation 14 by using the fact
that the distribution of allele frequencies among demes
can be approximated by a B-distribution when Nis large
and mis small. From our coalescent argument, we obtain
the first moments of the distribution of allele frequen-
cies among demes without having to assume that N is
large or m small. In fact, CHERRY (2003a) and WHIT-
LOCK’s (2003) approximations for the G function are
the same as our Equation 42, which assumes small m
and large N. We found that Equation 42 gives satisfying
results as long as deme size is not too small; for small
values of N, however, using the exact expressions of 7,
1, a, and ¢ gives more precise results. For example, with
n =50, N= 15, and m = 0.3, Equation 42 predicts that
the probability of fixation of a deleterious allele with s =
—0.005 and A& = 0 (relative to a neutral allele) is 0.0072,
while using the exact expressions of 7, @, and ¢ gives a
value of 0.01128, and simulations give 0.01121 (for soft
selection). Although assuming either hard or soft selec-
tion does not make much difference when N is large
and m small (indeed, Equation 42 holds in both cases),
this is not the case when Nis small, as can be shown by
using expressions of the G function that do not make
any assumption on N and m—obtained from equations
B5-B9 and 36 and 38. This is illustrated by Figure 4,
which shows the probability of fixation of a recessive
advantageous allele obtained from these expressions



2162 D. Roze and F. Rousset

N

F1GURE 4.—Probability of fixation of an advantageous reces-
sive mutation (&= 0, s = 0.02), relative to a neutral mutation,
as a function of deme size (NN). Migration is gametic, individu-
als are monoecious with random fertilization, and no extinc-
tion occurs (¢ = 0). Number of demes, n = 100; migration
rate, m = 0.3. Dashed line, soft selection; dotted line, hard
selection; solid line, approximation (42) for N large and m
small.

and from Equation 42, for low values of N. These exam-
ples show that using exact values of the probabilities
of coalescence leads to more precise approximations;
moreover, exact values of 1, 1, @, and ¢ can be calculated
without too much difficulty for many different life cy-
cles, while it is not always easy to obtain approximations
for the distribution of allele frequencies among demes
(for example, when extinctions occur).

BarTON (1993) obtained approximations for the proba-
bility of fixation of a single mutant in a model with
extinction and additive selection, assuming that deme
size is large. We observed that his approximation for
the case ¢ = 0 (Equation 11b in BArRTON 1993) gives
similar results as our solution when migration and ex-
tinction rates are small (not shown); however, in our
model recolonization does not occur exactly as in BAr-
TON (1993); therefore, one must be cautious when com-
paring our results.

An important consequence of population subdivision
is an increase of the fixation probability of recessive
advantageous mutations. Figure 5 shows this effect for
a population of size 10,000; the different curves corre-
spond to different modes of subdivision (10 demes of
1000 individuals, 100 demes of 100 individuals, and 1000
demes of 10 individuals). One can see that the increase
in fixation probability of the recessive mutation is sub-
stantial only with “strong” population structure (small
migration rate and/or small deme size); a moderate
structure such as N = 100, m = 0.1 has virtually no
effect on the fixation probability of recessive alleles.

We have demonstrated a simple method to construct
diffusion approximations for populations subdivided ac-
cording to an island model. It is based on the separation
of timescales and on the additional fact that for the
different life cycles, expressions for M, can be deduced
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FiGure 5.—Effect of population structure on the probability
of fixation of a recessive advantageous mutation (s = 0.01,
h = 0). x-axis, migration rate; y-axis, probability of fixation of
the mutation when present as a single copy. Migration is ga-
metic and fertilization random; extinctions do not occur (¢ =
0). Solid line, n = 1000, N = 10; dashed line, n = 100, N =
100; dotted line, n = 10, N = 1000.

mechanically from the fitness function with minimal
risk of error by the “direct fitness” method, where the
fitness function itself is a direct expression of the life
cycle considered. This method has been useful for ana-
lyzing selection on various traits under different popula-
tion structures (e.g., TAYLOR and FRANK 1996; ROUSSET
and GanpoN 2002). In this context, fitness has to be
defined as the expected number of “successful” gametes
of an individual, i.e., those that effectively participate
to the gene pool of the next adult generation. Many
different uses of the word “fitness” can be found in the
literature; it often means “relative fecundity” or “relative
survival.” Defining a fitness function as we do proves
to be useful since it leads to general expressions like
Equation 23.

The direct fitness method used here has also proven
convenient to study kin selection (TAyLoOr and FRaNk
1996; RousskT and BiLLiarp 2000). A substantial part
of kin selection theory has been devoted to the evolution
of altruistic traits; in some cases, it can be shown that
such traits always increase in frequency if a condition
of the form —c¢ + rb > 0 holds, where cand b are the cost
and benefit of the altruistic act, and r the “relatedness”
between interactants, assumed to be independent of the
frequency of the allele coding for altruism (HAMILTON
1964). Whether such a condition exists is not always
obvious, and the present application of the direct fitness
formalism may clarify such problems, since from Equa-
tion 23 one easily obtains conditions under which an
allele increases in frequency in a structured population.
For example, when & = %, Equation 23 shows that M,
is always positive provided that

aw, 2t oW,

> 0. 46
dz; 1+ 10 9z (46)

This is the correct form of Hamilton’s rule that one
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obtains by modern inclusive fitness techniques; it shows
that —¢, b, and r have to be defined as W,/ 9z;, dW,/dz,
and 27%/(1 + 77), respectively. When & # % we can also
define a relatedness coefficient from Equation 23, but
now this coefficient depends on p, the frequency of A.
Conversely, our model can be used to include the effects
of genetic drift in kin selection models and derive fixa-
tion probabilities and fixation times of alleles coding
for altruistic behaviors.

Many other applications are outside the scope of this
article, but are worth mentioning. For example, one can
compute the distribution of allele frequency of recessive
deleterious alleles in a metapopulation and consider
the implication of different demographic regimes on the
purge of such alleles. Average times to fixation or loss of
new alleles are easily obtained once the expressions
of M;, and V;, are known (Crow and Kimura 1970);
although in this article we focused on fixation probabili-
ties, fixation times are equally important in determin-
ing the rate of evolution of populations. CHERRY and
WAKELEY (2003), CHERRY (2003b), and WHITLOCK (2003)
showed that the diffusion method provides good ap-
proximations for fixation times in structured popula-
tions. In general, a lower rate of migration slows down
fixation, while extinction/recolonization can speed it up.

One may wonder about the generality of the present
approach with respect to the type of population struc-
ture. Although in this article we stayed in the framework
of the island model, the methodology presented here
can be used with other spatial models, as long as coales-
cence occurs at two different timescales: a fast one dur-
ing which selection can be neglected and a slow one
that becomes infinitely long as population size tends to
infinity. This is the case, for example, for cytoplasmic
genes: coalescence is fast if lineages are sampled within
the same organism and slow if they are sampled in
different organisms. The two scales can also be family
vs. population (e.g., CABALLERO and HiLL 1992). In
these examples many questions arise about conflicting
levels of selection; multilevel selection is easily incorpo-
rated into this framework by redefining the fitness func-
tion.

We thank Joshua Cherry, John Wakeley, and Michael Whitlock for
providing articles in press and Joshua Cherry, Montgomery Slatkin,
John Wakeley, Michael Whitlock, and an anonymous reviewer for
helpful comments on the manuscript. This is paper ISEM 2003-79.
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APPENDIX A

No extinction: When ¢ = 0, V5, is given by
Vo = - SVarllp] + o(l/m)  (AD)
n =

since the covariance in the change in allele frequency
in two different demes equals zero (sampling occurs
independently in each deme). We have

Var’[pi] = E°[p/1E[¢q;1 — E°[piq] (A2)
and
E'Tpil =1 — m)p: + mp (A3)

and since the averages over i of E°[p/¢i] and pi g, both
tend to (1 — 7}Y)pq as n tends to infinity, we obtain

Vi, }1[1 — (1 = m)*Rpg + o(1/n)

= (% — r{))ﬁ + o(1/n) (A4)
n

as P = (1 — m)? r{. Using Equation 17, one arrives at

_2d - ) — (1 — D)
2nN

Vi) pg + o(1/n) (A5)

and thus we can define a variance effective population
size as
_ nN

2(L =) = (1 = D)

(A6)

€
so that

Vi, = Qf’—]g] + o(1/n). (A7)

Extinction-recolonization: Extinctions introduce cor-
relations in the change in allele frequency in different
demes (because the frequency of A in the migrant pool
depends on which demes did survive). V3, is expressed as

Vop = #EVarO[p,’] + lz > 2CoV'[p, pil + o(1/m). (A8)
=1 i=1j#i

The first term is obtained as above. Var’[p;] is still given
by Equation A2, with

E'lpil = (1 = ol(1 — mp + mp] + ep, (A9)
giving
Var’[pi] = 711[1 = (1 = o*1 — m)*lripg + o(1/n).
(A10)

|—=
=

2

i

I

We then need to calculate the average covariance of
the change in frequency of A in different demes, to the
first order in 1/n. We start by noting that at the begin-
ning of the life cycle, the probability of sampling two
A alleles with replacement is p? if we sample them from
the whole population, /)IZ if we sample them from the
same deme, and p;p; if we sample them from different
demes (i 7 j). This gives

, 1 1) —
pr=-p+ (1 ——) b (A11)
n n

and since % tends to p* + ripg as n tends to infinity,

b= P — %lr‘f pg + o(1/n). (A12)

We have
Covlpl, pi1 = Elpipi] — E[pI1E[p].  (Al3)

From Equations A9 and A12 we obtain the second term
of the covariance:

SSEWIE) = p* = (1= 920 = m g + o(1/n).
(A14)

The first term of the covariance is the probability of
sampling two A alleles from two different demes, at the
next generation. With a probability of order 1/n, these
two lineages come from the same deme in the previ-
ous generation and are both A with probability p* +
ripg + O(1/n), while with a probability of order 1 they
come from different demes, in which case the probabil-
ity that they are A is given by Equation A12. We calculate
the probability that they come from the same deme as
follows: if the two demes where the genes are sampled
have not become extinct in the previous generation
[probability (1 — ¢)?], the probability that the two lin-
eages come from a single deme in the previous genera-
tion is

1=a=m, o(1/n), (A15)
n(l — e)

while if one or both demes became extinct [probability
1 — (1 — ¢)?], this probability is 1/[n (1 — ¢)]. Taking
all cases into account, one arrives at
1—(1-29*1 - m*1] ,
=| i pg+ o(1/m),
n(l — e n

(A16)

LSEwp =+
n =g

which, combined with Equations A10 and Al4, finally
gives

1-(1- 91— m?

Vi, =
o n(l — o)

R pg + o(1/n). (Al7)
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Therefore, when extinctions occur, the variance effec-
tive population size is

n(l — e
A= (1= 9%~ m]

(A18)

€

APPENDIX B

Case i: monoecious individuals with random fertil-
ization, gametic migration, and no extinction: The re-
currence equations are

=Y =01 - m)Y(‘ZT\/-F (1 - f)'r‘f) (Bl)

< 2h-dprel-h -2k o

(2N)? 2N

uD’Z(I*m)[

o sno- ol -

T,

1
D=+ 3mA(1 — m) + 3 l—m?(l—f)l—”
¢ ( ) m( ) QN( ri

o v
which gives

b o 1 — m)?

T TN (1 - mPeN - 1) e
D= (1_71/7”)3[N+ @N—=1(1 — m)?] (B6)
WP = MﬂN‘F (I =m(@2—=m@2N-1)] (B7)
&= QmYN?mN(% —2m) + G- m(1-meN-D] (BS)
with

Y=[2N = 2N = D1 = m*[2N* = @N = H(N = (1 = m)°].

(B9)

Case ii: monoecious individuals with rate o of self-
fertilization, zygotic migration, and no extinction: Be-
cause we assume zygotic migration, we need to calculate
the probabilities that three genes sampled in three dif-
ferent individuals from the same deme all have a com-
mon ancestor (dP), that two of them have a common
ancestor (), and that they have no common ancestor
(f"), in the infinite island model. The recurrence equa-
tions are

= *(x)r?*‘ot(iﬂ‘}’o) (B10)
W= -l L (1= D)) (B11)
! 9N oN"’ N

= (1 - m)?(1 — a)(*rl leaD + (1 — gN)dD)

+afm4j+%ﬁ+%fﬂw+ﬂ) (B12)

=[1-a- m)i][(l — )b + a(é + %r}?)]

+ (1 — m)(1 —a)[ 1 - +%b” (1 —%)en}

+ (1 - m)fa[i(l - rd) + %1 - l)(1 - P+ b”)} (B13)
4N o N !

1—(1—m)2][(1—a>(1—r)+a—(1—r }

+(1 - m)z[(l - a) (%ZCD + (1 - g)f“) + (xl(l - %)CD} (B14)

N 2
P [ﬁ+ b+ 2i-Hor+ )
-2 2 ws
a3
pa-mZsa-m e 2o Haonen
-3 2 mo
ool o
which gives for 7} and P
"y = T = (; Eln;Qr[)f]El (; ﬂ]m’ (B18)
P = (= m)* . (B19)

1-01-1-m?[1l—-(2—a)N]

The exact expressions of «°, #°, and ® are compli-
cated and not given here for space reasons, but are
available by request to the authors.

Case iii: monoecious individuals with random fertil-
ization, gametic migration, extinction rate e, and ga-
metic recolonization: When extinctions occur, the re-
currence equations become

=g = {(1—@)(1—m)2+e( _21k>¢]

x {1 + (1 - 1)7?] + L (B20)
9N oN'| " 2k

(see RousseT 2003).



2166

o =fo-oa-wdfi- -3l

S R

(2N)?  oN 9N oN N

el ol - g o (-5 )
@h? 2k 2k T \on 9N,

b= {(1 -1 — m’+ e(l - i)(l - %) 1111}

X [i(l - L)(1 - D) + (1 - L)(1 - l)b"}
2N 2N 2N N

+ [3(1 —om(l = m)?* + e(l - i)(l - %) w?}[QlN

3 1 1 )
oo vol -

D. Roze and F. Rousset

1
2N,

m + 3m*(1 — m) + 3m(1 — m)? (1 - )(1 - rP)

R ) ca- m)ﬁ(l _ 2%)(1 - %)Lh
(B21) F 1
el o B3
+e(1—2*k)(1_;) +¢](172LN)(17LN)CD ( )

Here again, we give only the solution for r§ = 7P, while
the solutions for a®, b°, and (" are available on request:

1 D
QN) r‘} )
21 — m)*(1 — &) + 2Ne + (2k — 1)ed
22N — @N— 1)1 — 9(1 — m? — (2k— 12N — 1)ed’
(B22) (B24)




